Kenneth Konyndyk, Introductory Modal Logic (University of Notre Dame Press, 1986)
P. 10, 1.5 Excersises 2

(a) (=p2>=¢) D ((=pD>q) Dp)

1 -p D q asp

2 -pDq asp

3 -p asp

4 -p D —q reit

5 —q MP

6 -pDg reit

7 q MP

8 1

9 p RAA

10 (-pD>q)Dp impl intro

11 (-pD>—q)D((-pDq) Dp) impl intro

(b) (p2>(@>7)>((P29)D(D))

1 pD(gDT) asp

2 PDOq asp

3 D asp

4 pogq reit

5 q MP

6 p>(g>Dr) reit

7 qoTr MP

8 r MP

9 pOrT impl intro
10 pD>qg)D>(pDr) impl intro

11 (p>@>r)>({(p>q)D(p>Dr)) impl intro

() (p=(gD7)) = (((p&q) D 7)&((¢ D7) Dp)
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30
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p=(gDOr)

M

p=(¢Dr)
qoT

q

(p&eq) O
gD
p=(g>r)
p
(¢>r)Dp
((p&eq) D> r)&((g > 1) O p)
(p=(g>7) > (((p&q) >7)&((¢ > 1) > p))

((p&q) D r)&((@ D7) D p)

p&q
(p&q) D 1)&((@ D7) D p))

(p&q) D r

r

qoT

pO(g>r)

JDT
((p&q) D> r)&((q > 1) O p)
(¢>7r)2p

p

(g>r)Dp

p=(qDr)
(((p&gq) > 7)&((¢>7r)D>p)) D(p=(¢D7))

(p=(g>7)) = (((p&eq) D r)&((g D7) D p))

asp
asp

conj (&) elim
reit

= elim
conj elim
impl (D) elim
impl intro
asp

reit

= elim
impl intro
conj intro
impl intro
asp

asp

asp

reit

conj intro
reit

conj elim
impl elim
impl intro
impl intro
asp

reit

conj elim
impl elim
impl intro
= intro
impl intro

= intro



10

-q

qV g

—=(qV —q)

qV —q

D (qVq)

(d-2) p>(qV —q)

1

2

p

A
-q

ﬁﬁq

-=(qV —q)

qV—q

P2 (qV—q)

asp
asp
asp

disj intro

RAA

disj intro
RAA

DN

impl intro

asp
asp

De Morgan’s Theorem
conj elim (& elim)

conj elim

RAA
DN

impl intro



P. 38, 2.3.c A

l.p—=qq—>r. .p—r

1 p—q prem

2 q—r prem

3 O(p D q) def

4 O(gDr) def

5 O

6 pDOgq T-reit

7 gD T-reit

8 P asp

9 pDOq reit
10 q MP
11 qor reit
12 r MP
13 pOr impl intro
14 O(p>Dr) nec intro
15 p—r def



2. p—q,0Op,g—r. . Or

1 p—q prem

2 Op prem

3 q—r prem

4 O(p D q) def

5 O(g—r) def

6 O

7 P T-reit

8 pDgq T-reit

9 q MP
10 qor T-reit
11 r MP
12 Or nec intro

3. D(p&q) .. Ogq

1 O(p&q) prem

2 m]

3 p&q T-reit

4 q conj elim
5 Oq nec intro

1 O(pVq) prem

2 O-p prem

3 |

4 pVq T-reit

5 -p T-reit

6 q disj elim
7 Oq nec intro



5. 0(pVq),p—q..0q

1 O(pVgq) prem

2 p—q prem

3 O(p D q) def

4 ]

5 pVq T-reit

6 pDOgq T-reit

7 q asp

8 q rep

9 qDOq impl intro
10 q disj elim
11 Oq nec intro



6. p—q,p— 0Or,g— 01,

1

2

10

11

12

13

14

15

16

17

18

19

20

21

22

p—q
p— Or
q — O-r
O(>q)
O(p > 0Or)

pogq

p > 0Or

q D O-r

pogq

p D Or

q D O-r

D—V[”

-r

prem

prem

prem

def

def

def

T-reit

T-reit

Treit

asp

reit

MP

reit

MP

reit

MP

nec elim

nec elim

RAA

nec intro



P. 39, 2.3.c B

l.p—=p
1 a
2 P
3 P
4 pOp
5 d>p)
6 p—p
2. O0p — Op
1 ]
2 O0p
3 Op
4 OOp D Op

asp
rep

impl intro
nec intro

def

asp
nec elim
impl intro
nec intro

def



1 |

2 p—q asp

3 O(p D q) def

4 Op asp

5 O(pDgq) reit

6 a

7 P T-reit

8 pDyq T-reit

9 q MP
10 Oq nec intro
11 Op D Qg impl intro
12 (p — ¢) D (Op D Og) impl intro

13 O((p—q) D (0Op>0Oq))  nec intro

14 (p—q) — (OpD Qg def

5. Op — (¢ — p)

1 O

2 Op asp

3 a

4 q asp

5 P T-reit

6 qDOp impl intro
7 O(¢g D p) nec intro
8 Op>0O(¢Dp) impl intro

9 O(0Op>0(gDp)) nec intro

10 Op— (¢ —p) def



10

11

12

13

14

-q

-p

q

Poq

O(p D q)
O-p2>0O(p>Dq)
0(@-p>0O(p D q))

O-p— (p—q)

asp

asp
asp
T-reit

reit

RAA
impl intro
nec intro
impl intro
nec intro

def



7. (p— (¢&—q)) — O-p

1 O

2 | O > (¢&—q)) asp

3 O

4 D asp

5 p D (q&—q) T-reit

6 q&—q MP

7 q & elim

8 g & elim

9 i
10 -p RAA
11 O-p nec intro
12 O(p D (g&—q)) D O-p) impl intro

13 0(3(p D (¢&—g)) D O—-p))  impl intro

14 (p— (¢&—q)) = O-p def



8. ((p = ¢)&(=p — q)) — Og

1 O

2 | B2 q)&O(=p>q) asp

3 O(pDq) conj (&) elim

4 O(-pDyq) conj elim

) a

6 pDOgq T-reit

7 -pDq T-reit

8 —q asp

9 -p MT (modus tollens)
10 q MP (modus ponens)
11 1
12 q RAA
13 Ogq nec intro
14 (O(p D ¢)&0O(—p D q)) D Og impl intro

15 O(O(p D q)&O(-p>Dg) DOg)  nec intro

16 ((p = @)&(—p —q)) = Oq def

P. 44, 2.3.g.A.

L. Op—0O(pVq)

1 O

2 Op asp

3 a

4 P T-reit

5 pVyq disj intro
6 O(pVgq) nec intro
7 Op>0O(pVyq) impl intro

8 O(Op>O(pVg)) nec intro

9 Op—0O(pVyg) def



2. (p—q)D(~g— —p)

1 P—q

2 O(p 2 q)
3 O

4 —q

5 pPOq
6 —p

7 —=q D -p
8 O(—¢ > —p)
9 —-q — —p

asp

def

asp

T-reit

MT

impl intro
nec intro

def

10 (p—q)D(~g— —p)  implintro

3. _\<>p D -0Op

1 -Op
2 O-p
3 -p

4 )
5 —-0Op

6 _\<>p D -0Op

asp
def

nec elim
poss intro

def



4. (p — r)&(q — s),0p&O0q .. Or V Os

1 (p—r)&(qg—s) prem

2 Op&Oq prem

3 O(p D r)&O(g D s) def

4 Op>r) & elim

5 Op & elim

6 |

7 pOrT T-reit

8 p T-reit

9 r MP
10 Or nec intro
11 Or Vv Os disj intro




5. (p—r)V(¢g—r),0(p&q) ... Or

1

2

10

11

12

13

14

15

16

17

18

19

20

p—=r)Vig—r)

O(p&q)

O(p>r)vB(gor)

d(p>or)

|

p&q

prem
prem
def

asp

T-reit
conj elim
T-reit
MP

nec intro
impl intro

asp

T-reit
conj elim
T-reit
MP

nec intro
impl intro

disj elim



Vg

PO (pVa)

O(p>(pVa)

O(pVa)

Op D O(pVg)

2. (Op&bq) D O(p&q)

1

2

| (Op&ng)
Up
Ugq

O

p
q
p&yq

O(p&q)

(Op&Oq) D O(pdyq)

prem

asp
disj intro
impl intro
nec intro
poss elim

impl intro

prem
conj elim

conj elim

T-reit
T-reit
conj intro
nec intro

impl intro



3. D(p&q) O (Op&Uq)

1 O(p&q) prem

2 O

3 p&q T-reit

4 P conj elim
5 q conj elim
6 Op nec intro
7 Og nec intro
8 Op&Oq conj intro

9  O(p&q) D (Op&Ogq) impl intro

4. (OpvOq) D O(pVq)

1 Up Vv Qg prem

2 Op asp

3 a

4 P T-reit

5 pVq disj intro

6 O(pVq) nec intro

7 Oq asp

8 a

9 q T-reit
10 pVq disj intro
11 O(pVq) nec intro
12 O(pVgq) disj elim

13 (OpvOdq)>0O(pVQ) impl intro



5. (Op&=0q) D O(pV q)

1 Op&—<Cq prem
2 Op conj elim
3 O
4 D asp
5 pVq disj intro
6 pD(pVaq) impl intro
7 O(p>(Va) nec intro
8 S(pVq) poss elim
9  (Op&—<Cq) DO(pVa) impl intro
P. 50, 2.4.b. B
1. oO00p D Op

1 oO8p asp
2 m]
3 Op asp
4 Op nec elim
5 aop O Op impl intro
6 O(04p D <Op) nec intro
7 OOp poss elim
8 -p asp
9 d-p def

10 Od—-p AS4

11 O-Cp def

12 =OOp def

13 OOp reit

14 €

15 Op RAA

16 <oO00p D Op impl intro



2.(p=>q¢D0r—m—9)

1 O(p 2 q) asp

2 O0(p D q) AS4

3 O

4 T asp

5 O(p D q) T-reit

6 rD>0(pDq) impl intro
7 O(r>3(pDq)) nec intro

8 O(p>g¢gD>0O(r>O(p>Dq) impl intro

9 (pP—=9D0FC—PmP—q) def

3. Op D (¢ — Op)

1 Op asp

2 m]

3 q asp

4 Op S4-reit

5 q D Op imol intro
6 O(¢g D Op) nec intro

7 Op>0O(g D 0Op) impl intro

8 Op>(¢— Op) def



4. (p>0q) D (p D (r— Og))

1

2

10

11

12

13

p > Up
| P

p D Up

Up

Odp

Up

r D> Up

O(r D Op)
p D O(r D Op)

p D (r— Op)

(rp>0qg) D (p D (r—Oq))

asp
asp
reit
MP

AS4

asp
T-reit
impl intro
nec intro
impl intro
def

impl intro



10

11

12

13

14

15

16

Up Vv Oq

O(p Vv Og) D (OpV Og)

asp

asp

De Morgan’s Theorem
def

conj elim

conj elim

T-reit
Sh-reit
def

disj elim
nec intro

def

RAA

impl intro



2. O(pVq) D (dpV <Oq)

1

2

10

11

12

13

14

O(pVq)

—(Op V Oq)

tUp

1

OpV <g

O(pVaq) D (OpV<q)

asp
De Morgan’s Theorem
conj elim
conj elim

def

T-reit
T-reit
dis elim

nec intro

RAA

impl intro



3. O(pVq) D O(OpV <q)

1 O(pVaq) asp
2 O
3 O(pVaq) S4-reit
4 ~(Op Vv ©q) asp
) —0p&—<Cg De Morgan’s Theorem
6 —0p conj elim
7 -Oq conj elim
8 O-q def
9 a
10 pVq T-reit
11 —q T-reit
12 D disj elim
13 Op nec intro
14 1
15 Op Vv <q RAA
16 O(Op Vv <q) nec intro

17 O(pVvg) D O(OpV<q) impl intro



4. O(p&Oq) D Op&q

1

2

10

11

12

13

14

O(p&Oq)

O

p&Oq
P

tq

q

Up
Uq
D
q
Op

Oq

Op&q

O(p&DOq) O Op&kq

asp

T-reit
conj elim
conj elim
nec elim
nec intro
nec intro
nec elim
nec elim
poss intro
poss intro

conj intro



Abbreviations

AS4 axiom sysytem 4
AS5 axiom system 5
asp assumption

conj elim  conjunction elimination
conj intro  conjunction introduction
def definition

disj elim disjunction elimination

disj intro  disjunction introduction

DN double negation elimination
= elim equivalence elimination
= intro equivalence introduction

impl intro  implication introduction

MP modus ponens (implication elimination)
MT modus tollens
nec elim necessity elimination

nec intro necessity introduction
poss elim  possibility elimination

poss intro  possibility introduction

prem premiss

RAA reductio ad absurdum
reit reiteration

rep repetition

S4-reit S4-reiteration

Sh-reit Sh-reiteration

T-reit T-reitalation



